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Abstract
The contribution of gravitational neutrino oscillations to the solar neutrino
problem is studied by constructing the Dirac Hamiltonian and calculating
the corresponding dynamical phase in the vicinity of the Sun in a non-
Riemann background Kerr space-time with torsion and non-metricity. We
show that certain components of non-metricity and the axial as well as
non-axial components of torsion may contribute to neutrino oscillations.
We also note that the rotation of the Sun may cause a suppression of
transitions among neutrinos. However, the observed solar neutrino deficit




Neutrinos always attracted a lot of attention in high energy physics [1]. A major
problem of interest at present is the solar neutrino problem. The Sun is a strong
source of electron neutrinos νe because of the thermonuclear reactions taking
place in its core. According to the standard solar model, the number of νe to be
emitted from the Sun can be predicted. At the same time, the flux of electron
neutrinos coming from the Sun can be measured on earth. The measured amount
of νe is approximately one third of the predicted amount. Essentially, this is
the so-called solar neutrino problem. One well known solution to this problem
is provided by the assumption of neutrino oscillations [1],[2]. Briefly stated, the
neutrino oscillations imply that the electron neutrinos coming out of the Sun may
be converted to other neutrino species, muon νµ and tau ντ during their journey
towards the earth, assuming neutrinos to have a mass whereas the standard
electroweak model asserts zero mass for them. It should also be noted that all
the above arguments have been cast in Minkowski space-time. However, we know
that we live in a curved space-time – perhaps even in a curved space-time with
torsion and non-metricity. Therefore, in more recent years, physicists have turned
their attention to specifically gravitational contributions to neutrino oscillations –
see [3],[4],[5],[6],[7] and references therein. We recently investigated the effects of
space-time torsion on neutrino oscillations [8]- and see also [9],[10]. The essence
of this work is to calculate the dynamical phase of neutrinos, by finding the form
of the Hamiltonian, H, from the Dirac equation in a non-Riemannian space-time.




= Hψ =⇒ ψ(t) = e− ih¯
∫
Hdtψ(0) (1)
where ψ is a Dirac 4-spinor and H is a 4 × 4 matrix. The Hamiltonian H will
depend, for example, on momentum ~p, and this is expressed not as a differential
operator but simply as a vector.1 In this note we investigate within the same
approach the possible effects of space-time non-metricity on neutrino oscillations.
2 Space-Time Geometry
Space-time is denoted by the triple {M, g,∇} where M is a 4-dimensional dif-
ferentiable manifold, equipped with a Lorentzian metric g which is a (0,2)-type
covariant, symmetric, non-degenerate tensor and ∇ is a connection which de-
fines parallel transport of vectors (or more generally tensors). We shall give a
coordinate system set up at a point, p ∈ M , by coordinate functions (or inde-
pendent variables) {xα(p)}, α = 0ˆ, 1ˆ, 2ˆ, 3ˆ. This coordinate system forms a set of
natural (or coordinate) reference frame at p as { ∂
∂xα
(p)}, with shorthand notation
∂α ≡ ∂∂xα . This natural reference frame is a basis vector set for the tangent space




Hdt is defined by its power series expansion.
1
at p, denoted by Tp(M). Similarly, differentials {dxα(p)} of coordinate functions
{xα(p)} at p, form a natural (or coordinate) reference co-frame in the co-tangent
space at p, denoted by T ∗p (M). Interior product of the basis vectors with the




) ≡ ı∂βdxα = δαβ . (2)
In general, any set of linearly independent vectors in tangent space, Tp(M), can be
taken as basis vectors and these vectors can be orthonormalized by, for example,
the Gram-Schmidt process. We denote a set like this by {Xa}, a = 0, 1, 2, 3 and
call it an orthonormal reference frame. In this case the metric defined on M
satisfies the relation
g(Xa, Xb) = ηab (3)
where ηab is known as the Minkowski metric which is a matrix whose diagonal
terms are -1,1,1,1 and off-diagonal terms are zero. The basis set dual to the
orthonormal reference frame are denoted by {ea}, a = 0,1,2,3, and called the
orthonormal reference co-frame. {Xa} and its dual {ea} satisfy the following set
of equalities that is another manifestation of eqn.(2):
ea(Xb) ≡ ıXb(ea) = δab . (4)
Here we adhere to the following conventions: indices denoted by Greek letters α,
β, · · · = 0ˆ, 1ˆ, 2ˆ, 3ˆ and µ, ν, · · · = 1ˆ, 2ˆ, 3ˆ are holonomic or coordinate indices, a,
b, · · · = 0, 1, 2, 3 and i, j, · · · = 1, 2, 3 are anholonomic or frame indices. In
terms of the local coordinate frame ∂α(p), the orthonormal frame Xa(p) can be




In order for Xa to serve as an anholonomic basis, the h
α
a(p) are required to be
non-degenerate, i.e., dethαa(p) 6= 0. In T ∗p (M) an orthonormal co-frame ea(p) can
be expanded in terms of the local coordinate co-frame dxα(p) as
eb(p) = hbβ(p)dx
β(p) . (6)
The inverse vierbein hbβ(p) have to be non-degenerate as well. Moreover, the








We set the space-time orientation by the choice ǫ0123 = 1. The non-metricity 1-
forms, torsion 2-forms and curvature 2-forms are defined by the Cartan structure
equations
2Qab = −Dηab := Λab + Λba , (8)







c ∧ Λcb . (10)
2
d, D, ıa, ∗ denote the exterior derivative, the covariant exterior derivative,
the interior derivative and the Hodge star operator, respectively. The linear










where ωab are the Levi-Civita connection 1-forms
ωab ∧ eb = −dea , (12)
Kab are the contortion 1-forms
Kab ∧ eb = T a (13)
and qab are the anti-symmetric tensor 1-forms
qab = −(ıaQbc)ec + (ıbQac)ec . (14)
It is cumbersome to take into account all components of non-metricity and
torsion in gravitational models. Therefore we will be content with dealing only
with certain irreducible parts of them to gain physical insight. The irreducible
decompositions of torsion and non-metricity invariant under the Lorentz group
are summarily given below. For details one may consult Ref. [12]. The non-
metricity 1-forms Qab can be split into their trace-free Qab and the trace parts
as




where the Weyl 1-form Q = Qaa and η
abQab = 0. Let us define
Λb := ıaQ
a
b, Λ := Λae
a,
Θb :=





















































ab = 0, and
ea ∧ Q(1)ab = 0. In a similar way the irreducible decomposition of T a’s invariant
under the Lorentz group are given in terms of
α = ıaT
a , σ = ea ∧ T a (22)
so that










ta := T a(1) = T a − T a(2) − T a(3) . (26)
Here ıat
a = ıaT
a(3) = 0, ea ∧ ta = ea ∧ T a(2) = 0. To give the contortion
components in terms of the irreducible components of torsion, we firstly write
2Kab = ıaTb − ıbTa − (ıaıbTc)ec (27)
from (13) and then substituting (23) into above we find












In components Kab = Kc,abe




bc , α = Fae












(Fbηac − Faηbc)− 1
6
σabc. (29)
3 Hamiltonian of a Dirac particle in arbitrary
space-times
The Dirac equation in a non-Riemannian space-time with torsion and non-metricity
is written as [13],[14],[15]
∗γ ∧Dψ +M∗1ψ = 0 (30)
4
in terms of the Clifford algebra Cℓ3,1-valued 1-forms γ = γaea and M = mch¯ . We











where σi are the Pauli matrices. ψ is a 4-component complex valued Dirac spinor
whose covariant exterior derivative is given explicitly by



































where Λ[ab] := Ωab = Ωc,abe
c anti-symmetric part of the full connection 1-form
and Q = Qae
a and using ∗γ = γa
∗ea and the identity ∗ea ∧ eb = −ηab∗1 calculate
∗γ ∧Dψ =
(









Putting this into (30) we obtain
h0ˆcγ























































The right hand side of (39) need not be a hermitian matrix in general; e.g. if
h0ˆi 6= 0, then the mass term contains an anti-hermitian part such as
H = H0 + iH1 (40)
where H+0 = H0 and H
+
1 = H1. However, the decomposition (40) is frame
dependent. That is we can always find a local Lorentz frame in which Hamiltonian
is fully hermitian [17, 18]. First we can get rid of the anti-hermitian part of the
mass term by diagonalizing the matrix hαa via a frame transformation
∂α(x) → ∂β(x)L−1βα(x)
gαβ(x) → gγδ(x)L−1γαL−1δβ. (41)
Thus2
hαa(x) → f(x)δαa (42)
where x stands for xα and f(x) is composed of hαa(x). Under this change (39)
goes over to




where fi(x) are composed of h
α
a(x). Putting in the definition
Ωc,ab = ǫabcdS
d (44)









where γ5 = γ0γ1γ2γ3, the Hamiltonian matrix becomes
H = cf1(x)γ














p+i = pi, (48)
2L ∈ SO+(1, 3) where SO+(1, 3) is special orthochronous Lorentz group.
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aγ0γaγ5 − ih¯cN0(x) . (49)
In order eliminate the last term in (49) one may further perform a locally unitary
transformation
ψ(x) → U+(x)ψ(x) , H → U+(x)HU(x) (50)
and obtain
H → H = f1(x)cpiU+(x)γ0γiU(x) + imc2f2(x)U+(x)γ0U(x)
+ih¯cf5(x)S
aU+(x)γ0γaγ5U(x)
−ih¯c[f1(x)U+(x)γ0γi∂ iˆU(x) +N0(x)] . (51)











4 Neutrino oscillations in the Kerr background
Here we construct the Hamiltonian matrix of a Dirac particle (i.e. a massive
neutrino) of mass m in the background space-time geometry of a heavy, slowly
rotating body of mass M such as the Sun. Its exterior gravitational field will be
described by weak constant, uniform torsion and non-metricity fields, together






c dt⊗ c dt+ ρ
2
∆











sin2 θ dϕ⊗ dϕ− 4MGar
c2ρ2
sin2 θ dt⊗ dϕ (54)




)2 , ρ2 = r2 + (a
c




R2ω. The Sun is
assumed a uniform sphere of radius R. M , J and ω are the mass, angular momen-

























and using the definitions






























































To simplify the discussions, we consider only the motion of massive neutrinos
restricted to the equatorial plane of the Sun. Thus we set θ = π/2 and dθ =
0. Furthermore, since the Sun rotates very slowly [ω ≃ 3 × 10−6 (rad/s)] we
approximate the metric functions. Therefore, in reasonably far away distances
















cdt⊗ r dϕ . (58)
We also write the orthonormal co-frame approximately up to O ( a
rc
) as
e0 = fcdt− af
c
dϕ , e1 =
1
f






≡ f 2 ≃ 1− 2MG
c2r
. (60)































with all the other components neglected. To this order of approximation (57)
gives
ω01 ≃ f ′e0 + a
cr2
e3, ω03 ≃ a
cr2






with the remaining ones neglected. Then the Hamiltonian matrix (39) reads











































(tba,b + Fa +
5
4
Qa − Λa) . (68)
Note that the contributions of axial components of torsion are given by Sa while
certain components of non-metricity and the non-axial components of torsion
occur only in Na and the rotation effects are given in terms of the parameter a.

















H12 = F + (f




H21 = F + (f


































G ≃ − h¯cff
′
2r












The way we approach the solar neutrino problem starts by writing down the
Dirac equation in a rotating, axially symmetric background space-time geometry
and finding phases corresponding to neutrino mass eigenstates, then finally calcu-
lating the phase differences among them. There are two cases of special interest:
the azimuthal motion and the radial motion. The analysis of the azimuthal mo-
tion with ~p = (pr, pθ, pϕ) = (0, 0, p) yields for ultrarelativistic neutrinos, for which



























∆ϕ ≃ B2 + C2 +D2 + F 2 +G2 +H2 + 2(DF +BH − CG) . (74)
These phases alone do not have an absolute meaning; the quantities relevant for
the interference pattern at the observation point of the neutrinos are the phase
differences ∆Φ = Φ2−Φ1 where Φ1 and Φ2 are the absolute phases of the neutrino
mass eigenstates ν1 and ν2. It is thus seen from equations (72) and (73) that the
phase differences can have explicit dependence on non-metricity in the case of
opposite spin polarizations of mass eigenstates for the azimuthal motion via (74):























where ∆m2 = m2
2 −m12.
The Hamiltonian for the radial motion on the other hand is obtained by the
assumption ~p = (p, 0, 0). In this case with the further assumptions pc ≃ E and



























∆r ≃ (D −H)2 + (B + F + amH
rp






(mc− fp)2 + 2iaf
2
r
(mc− fp)(C +K − amG
rp
) . (79)
In this case the relevant phase differences depending on non-metricity via Na and
rotation via a come from the opposite spin polarization states















We point out that ∆r = Re∆r + iIm∆r implies
√
∆r = α + iβ and hence the
rotation of the Sun would suppress the transitions among the neutrinos via the
phase difference equations (80),(81) in opposite spin polarizations.
5 Conclusion
We have here extended our recent study of gravitationally induced neutrino oscil-
lations [8] by including the effects of rotation of the Sun, space-time non-metricity
and as well as components of torsion other than the axial ones. The rotation of
the Sun implies a damping of neutrino oscillations. However, this result is frame
dependent as we explained in Sect.3 in general. We have shown that there are
contributions coming from non-axial components of spacetime torsion and def-
inite components of spacetime non-metricity depending on the polarizations of









2 + (S2 − 2
3
fN3)








which means that there is no suppression among the neutrinos and only N2 and
N3 components of N
a contribute to the oscillations. If we further set Na = 0,
we reach agreement with our previous results in [8]. It should be clear that the
above scheme only works if the neutrino masses are different from in each other
and hence, in general, different from zero. This means there are right-handed
neutrinos as well as left-handed ones which, however, must interact with matter
very weakly as they have not yet been observed. Finally, we note that all the
possible contributions discussed here so far would be of the order of Planck scales,
and hence do not suffice to account for the observed solar neutrino deficit.
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